1. Introduction. A prime q is a common index divisor of the algebraic number field Kii q divides the quotient d(u>)/d for all integers cu of K, where d(u>) is the discriminant of w and d is the discriminant of the field. A necessary condition is that q be less than the degree of the field [7] .
Let the prime p = l (mod 3) and let Z = k(Ç) be the field generated by £", a primitive pth root of unity; also let C3 denote the cubic subfield of Z; k stands for the rational field. Then Hensel [l, p. 284] proved that the prime 2 is a common index divisor of C3 if and only if p=a2+27b2.
In the present note we shall prove several theorems of a similar kind. For example let p = l (mod 4) and let C4 denote the quartic subfield of Z. Then 2 is a common index divisor of C* if and only if p = l (mod 8). The condition that 3 be a common index divisor is somewhat more complicated, namely, let p = a2+b2, a = l, b=0 (mod 2). Then for p^l (mod 8) it is necessary and sufficient that 3\b, while for p = S (mod 8) it is necessary and sufficient that 3|a. In the next place we require the following decomposition rule due to Dedekind [4] . For simplicity we consider only primes not contained in the discriminant.
Decomposition
Rule. Let Zm be the field generated by a primitive with root of unity and K any subfield. Let the group of Zm be represented by a reduced residue system (mod m) and let (h) denote the subgroup corresponding to K. If q\m, let f be the smallest positive exponent such that 
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that is, to one of the numbers of (h). Then the prime-ideal decomposition of g in £ is given by (2.3) ? = qi---q" tfq4 = qf.
3. By means of the decomposition rule it is very easy to determine the prime-ideal factorization of the prime 2 in the field d. In the first place the subgroup (A) is evidently the set of biquadratic residues (mod p). Hence the condition (2.2) becomes (3.1)
2'«*-1"4 = 1 (mod p).
Now on the other hand the only possible factorizations of 2 in d are (i) 2 = q, (ii) 2 = qiq2, (iii) 2 = qiqjq3qi, where q, q< denote prime ideals, in (ii) qi and q2 are of degree 2, and in (iii) the q,-are of degree 1. Since there is but one irreducible quadratic (mod 2) and but two linear polynomials, it follows from the criterion quoted above that in either case (ii) or (iii), 2 is a common index divisor. Clearly case (i) will occur if and only if/ = 4 in (3.1) ; since/= 1 or 2 implies 2 a quadratic residue (mod p), case (i) will occur only if 2 is a nonresidue, that is, p = 5 (mod 8). Thus case (ii) or (iii) occurs only when p = l 4. Let ef'=p -l and let C, denote the cyclic subfield of Z of degree e. Then it is evident from the decomposition rule that a sufficient condition that the prime q<e be a common index divisor of C, is furnished by
If e is a prime, then (4.1) is also a necessary condition. Thus for «=3,
[October for example, Hensel's criterion is indeed equivalent to (4.1) with q = 2. For e = 5 no very simple explicit results are available; see however [6] for the quintic character of 2 and 3. These results may be interpreted to give necessary and sufficient conditions that 2 or 3 be a common index divisor of G5. We may however deduce simple explicit results in one or two cases by combining the criteria already obtained. For example in Ce the factorization 2 = qiq2q3 or 2 = qi • • • q« imply 2 a common index divisor, while 2 = q or 2 = qiq2 imply the contrary. Now it is evident that the first two factorizations can occur only if 2 = pip2p3 in C3, that is, 2 is a common index divisor of C3. Thus Hensel's criterion applies and we have: We omit the discussion of criteria corresponding to q = 5. 236]) can be putas follows. Let p = a2+b2, a = l, b=0 (mod 2). Then b must be divisible by 8.
(ii) requires that 2 = lhp2 in C4 and 2 = pi pi pi in C3; hence it is necessary thatp = l (mod 8) and that Hensel's criterion be satisfied. We omit the discussion of criteria that 3 be a common index divisor of &2. where p, q are distinct primes >3, the prime 3 will be a common index divisor if and only if pimq1ml (mod 3). For by the decomposition rule ( §2) the factorization 3 = qiq2q3q4 will occur if and only if 3= a2 (mod pq), which is readily seen to be equivalent to the stated condition. Other theorems of this kind are readily obtained.
